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Introduction
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Motivation
In general experiments, we would assume the data follows some distribution
However, in real cases, we do not know the true distribution of our data

That’s why we will introduce kernel density estimator (KDE) to find the most suitable

distribution for a given data.
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Introduction
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Kernel Density Estimator is a non-parametric method used to estimate the probability
density function of a random variable. It works by placing a kernel function at each data
point and then summing these functions to create a smooth estimate of the overall data

distribution.
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Definition
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General Form of KDEs

” 1 g X_;—X
fh:xH—h;K( ; )

n

1 n
== Kn(Xi — x),
Ni=1
where K, : u+— 7 K(u/h).

K(x) is the kernel function, h is the bandwidth, x is fixed, X_i is only randomness the
observed data points
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Detftinition of Kernel
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+ 1. | K(x) dx= 1 (Definition of Kernel)
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Some facts of Kernel
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2. An S-th order kernel K satisfies

/u"h’{?r.)du =0, wherer=1....5 -1

|[urh'[ujdu| is finite

3. If K(u) = K(-u), the 2° moment is finite (K is symmetric)

At least 2™ order
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Common Kernels

_______________________________________________________________________________________________________________________________________________________________________________________

Kernel K(u)

Uniform sHJul <1}
Epanechnikov 3 (1 — uv?)I{|u| < 1}
Biweight 2(1 - uv®)?H|ul <1}
Triweight 31— u?)3{|u] < 1}

Gaussian \/% exp{—u?/2}.
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Mean Square Error (MSE)

E[{73(x0) — Fx0)}?] = (Elfa(x0)] = F(x0))? + var(F(x)

T

bias? variance

* Assume f’ is L Lipshitz

* Assume K is nonnegative, 2nd order,
with bounded support

* Atafixed pointx_0
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Bias
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Variance
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Choice of h

MSE(fa(x0)) = Bias®(fa(xa)) + Var(fa(z0))
~ 0K 0 (&) 2

I want them to converge in the same rate

L
K=
h=nt
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Mean Square Error (result)
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ho = O(m~/%),

Bias®(fiu(z0)) = O((n~®)?) = O(n "),

Var(fu(z0)) = O (;”,) O(n—1/%),

n-i

MSE( fiu(xa)) = O(n~*/%).
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Demo

KDE with different bandwidths and Histogram

7 h=0.05
— h=03
7 — h=09

vensity
02 03 04 05 06 07

0.0 0.1

dat = faithfulferuptions

kdel
kde?2
kde3

density(dat, bw=0.05)
density(dat, bw=0.3)
density(dat, bw=0.9)

hist(dat, probability = TRUE, col = '[lightgray', border = "White/",

main = "KDE with different bandwidths and Histogram",
xlab = "Eruptions", ylab = "Density", breaks = 20)

Tines (kdel, col
Tines (kde2, col
Tines (kde3, col

Tegend("top", legend = c("h = 0.05", "h = 0.3", "h = 0.9"),

. R

[P | e |
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Overfitting and Undertitting
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When bandwidth is too small, it would overfitting

When bandwidth is too large, it would underfitting
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