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Introduction

In 1829, Dirichlet proved the following theorem:

Theorem (Dirichlet, 1829)

The Fourier series of a piecewise-smooth f on [—7, 7] converges to

flzq) + f(z-)
> ;

That is, the Fourier series of f converges at every point of continuity.
At discontinuities, it takes the middle value.
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Theorem (Dirichlet, 1829): The Fourier series of a piecewise-smooth f converges
at every point of continuity. At discontinuities, it takes the middle value.

Why is this interesting?

e First ever theorem about Fourier series
e But more importantly...
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Theorem (Dirichlet, 1829): The Fourier series of a piecewise-smooth f converges
at every point of continuity. At discontinuities, it takes the middle value.

But more importantly... A It showed that some desired
° properties do not hold at
“exceptional yet negligible sets.”
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Introduction

This made it clear to analysts that to rigorously establish convergence results in
general, we need to be able to rule out “exceptional yet negligible sets.”
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Why measure theory in probability?

This made it clear to analysts that to rigorously establish convergence results,
we need to be able to rule out “exceptional yet negligible sets.”

We simplify to the case of coin flips:

number of heads

2\

1
number of flips 2



Why measure theory in probability?

number of heads
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Why measure theory in probability?

nu he

erof flips

What happens when we only flip heads???7?
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Why measure theory in probability?

Recall the idea of “exceptional yet negligible sets.”
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Why measure theory in probability?

The set of points where the Fourier series does not converge, or the
set of events that violates the LLN, is an “exceptional yet negligible set.”
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Why measure theory in probability?

The event we only flip heads, or any event that violates the LLN,
has “measure zero,” or “probability zero.”
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Why measure theory in probability?
X1+ ...+ Xy

n

If a property holds except on a set of measure zero, we say the property holds
“almost everywhere,” or “almost surely.”
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If a property holds except on a set of measure zero, we say the property holds
“almost everywhere,” or “almost surely.”

So the LLN holds with probability 1, or almost surely.

And we are allowed to say this thanks to measure theory.



Why measure theory in probability?

In 1933, Kolmogorov saw that measure and integration theory, originally
developed to solve technical issues in Fourier analysis, could be used to make
probability rigorous.



Why measure theory in probability?

In 1933, Kolmogorov saw that measure and integration theory, originally
developed to solve technical issues in Fourier analysis, could be used to make

probability rigorous.

Besides the ruling out of problematic sets that we have explored, measure
and integration are fundamental to the description of basic notions of
probability such as expectation, random variables, convergence results, etc.



A Weird Problem

Suppose

n? — 1, with probability n =2,
XTL .

L, with probability 1 — n

Show that

E[X,]=0 but n 'S, —= -1 as.




Result from Measure Theory

If
Z,>0 and Y E[Z] < oo

Then
ZZ’“ < oo (a.8) so Zr —0 (as)




Borel Cantelli Lemma 1

Borel Cantelli Lemmma 1

If Events F,, have
Y PIE,] <o00=0

Then
P[E, i.0]

In other words,

P{w: w € E,, for infinitely many n}| = 0




Back to Problem!

Problem 1

Suppose

n? — 1, with probability n =2,
XTL .

L, with probability 1 — n

Show that

E[X,]=0 but n 'S, —= -1 as.




Why does Strong Law of Large Numbers fail?

e What are the conditions for SLLN to hold?

Talk to the person next to you!



Why do we care about the Law of Large Numbers?



What is the Law of Large Numbers saying?
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What is the Law of Large Numbers saying?

X1+ ...+ X,
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The aggregate of independent random variables behave predictably.



What is the Law of Large Numbers saying?

The Law of Large Numbers: Ten Trials
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The aggregate of independent random variables behave predictably.
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Why do we care about the Law of Large Numbers?

Intuitively, adding randomness to an already random system should increase
randomness—

But the opposite happens: randomness concentrates around typical behavior,
making outcomes almost completely predictable.
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Probabilists call this “Concentration”

“A random variable ... that depends on the influence of
many independent variables is essentially constant.”

-Michel Talagrand




Concentration Principle

If Xi,...,X, are independent (or weakly dependent) random vari-
ables, then the random variable f(X1,..., X, ) is “close” to its mean
E[f(X1,...,X,)] provided that the function f(z1,...,x,) is not too
“sensitive” to any of the coordinates x;.

Source: Direct quote from the lecture notes (Van Handel, 2016)
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The Standard Concentration Statement

Observed Value ~ Expected Value

IP(\ f(X) - Ef(X)] > t) — small




The Standard Concentration Statement

Concentration Principle

If X4,...,X, are independent (or weakly dependent) random vari-
ables, then the random variable f(X3,...,X,) is “close” to its mean
E[f(X1,...,X,)] provided that the function f(z1,...,x,) is not too
“sensitive” to any of the coordinates x;.

P(}f(X) — ﬂf(X)‘ > t) = small



Concentration Phenomenon, intuitively.

This begs the question: What do we mean by “small”? How “small"?
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Concentration Phenomenon, intuitively.

P(|£(X) — Ef(X)| > t) = small

For simplicity, consider the case when f(xla ey xn) = X —+ ... + Tn
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Chebyshev's Inequality:

Var(Sp)

P(|Sn— ESa| 2 t) < =
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P(\Sn— .5 | > t) <

So we have that the deviation decreases at least quadratically by Chebyshev's.



Concentration Phenomenon, intuitively.

Chebyshev's Inequality:

P(|Sn —ES,| > t) < Vartgsn)

So we have that the deviation decreases at least quadratically by Chebyshev's.

But can we do smaller?



Concentration Phenomenon, intuitively.

Recall the Central Limit Theorem:
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Recall the Central Limit Theorem:

1

——7=(Sn = ESu) ~ N(0,1)
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So with the change of variables t s (ov/n)t,

(S —ESp) ~ N(0, 1)
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Concentration Phenomenon, intuitively.

Recall the Central Limit Theorem:

1
a\/n

So with the change of variables t s (ov/n)t,

—_(Sp —ES,) ~ N(0,1)

2
P(|Sn—ESn| > 1) ~ 2—— T e < e
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Concentration Phenomenon, intuitively.

2
P(‘Sn— ”Esn‘ > t) < 6_%

We have exponential decay! Super small, fast, and good!!

Observed Value =~ Expected Value




Concentration Phenomenon, intuitively.

2
IP(|Sn— LS| > t) <eT

Side note:

Cp

|Fu(z) — ®(z)| < ;@




Concentration Phenomenon, intuitively.

]P’(‘f(X) — tf(X)‘ > t) = small

Observed Value ~ Expected Value




Concentration Phenomenon, intuitively.

P(1/(X) ~Ef(X)| 2 1) S e

Observed Value ~ Expected Value
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bounds.”
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many independent variables satisfies Chernoff-type
bounds.”

-Michel Talagrand
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Important notes
2
P(|£(X) ~Ef(X)| > ) Se72

Of course we can't expect concentration to hold for completely arbitrary f and X.

e Function must be Lipschitz (Not too “sensitive” to any of our coordinates)
e The coordinates must be sub-Gaussian, sub-exponential
e efC.



A Concentration Result

Again, why should we care?



A Concentration Result

We illustrate with an example:
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A Concentration Result

Consider the function f : R"™ — R that maps « — ||z||5.

Whatis Ef(X)? Thatis, whatis the expected length, or expected Euclidean
norm, of random vector X = (X7, Xo, ..., Xp)?

To simplify our analysis, assume the coordinates arei.i.d. X; ~ N(0, 1)

Then,

n n
2 2 2
E|X|3=E) X;=) EX;=n
i—1 i=1




A Concentration Result
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A Concentration Result
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A Concentration Result

L[ Xl = v




A Concentration Result

.
Vv

X|p =+vn

So the length of random vector X should be

| Xllo = v

(Recall that Observed Value ~ Expected V alue)
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Formally, we can state || X ||y &~ +/n interms of our
standard concentration statement;

IP’(‘ 1 Xy — V| > t) = small



A Concentration Result

With a simple application of Bernstein's inequality we can get
the following bound:

—ct2

P(| X~ v7| > t) < 2-eap(——)
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A Concentration Result

—ct?
P(| Xl - V7| > t) <2-exp(——)

We want to note a few things about the following inequality:

e The length of random vector X is “essentially constant,” that is to say,

it is essentially equidistant from the origin, that is, it is close to a sphere of
radius \/ﬁ

e The bound on our deviation does NOT depend on n.



A Concentration Result

P(| X[l —v] > 1) < 2-ean(

We want to note a few things about the following inequality:

—ct2

)

e The length of random vector X is “essentially constant,” that is to say,
it is essentially equidistant from the origin, that is, it is close to a sphere of
radius \/ﬁ

e The bound on our deviation does NOT depend on n. As n grows, almost
all of our observations stay within a constant distance from \/ﬁsn—l
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Figure 3.6 A Gaussian point cloud in two dimensions (left) and its
intuitive visualization in high dimensions (right). In high dimensions, the
standard normal distribution is very close to the uniform distribution on the
sphere of radius /n.

Source: Vershynin, 2018
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Applications to Statistics
Observed Value ~ Expected Value

Sample ~ POp’U,lat’l:O’n, (With very high probability)




Applications to Statistics

Covariance matrix estimation
High-dimensional regression (e.g. LASSO)
Empirical risk minimization

etc.



Fun Fact
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